We examine the impact of the expected reach of the LHC and the XENON1T experiments on the parameter space of the minimal classically scale invariant extension of the standard model (SM), where all the mass scales are induced dynamically by means of the Coleman-Weinberg mechanism. In this framework, the SM content is enlarged by the addition of one complex gauge singlet scalar with a scale invariant and CP -symmetric potential. The massive pseudoscalar component, protected by the CP -symmetry, forms a viable dark matter candidate, and three flavors of the right-handed Majorana neutrinos are included to account for the nonzero masses of the SM neutrinos via the see-saw mechanism. The projected constraints on the parameter space arise by applying the ATLAS heavy Higgs discovery prospects, with an integrated luminosity of 300 and 3000 fb −1 at √ s = 14 TeV, to the pseudo-Nambu-Goldstone boson of the (approximate) scale symmetry, as well as by utilizing the expected reach of the XENON1T direct detection experiment for the discovery of the pseudoscalar dark matter candidate. A null-signal discovery by these future experiments implies that vast regions of the model's parameter space can be thoroughly explored; the combined projections are expected to confine a mixing between the SM and the singlet sector to very small values, while probing the viability of the TeV scale pseudoscalar's thermal relic abundance as the dominant dark matter component in the Universe. Furthermore, the vacuum stability and triviality requirements of the framework up to the Planck scale are studied and the viable region of the parameter space is identified. The results are summarized in extensive exclusion plots, incorporating additionally the prior theoretical and experimental bounds for comparison.
I. INTRODUCTION
Classical scale invariance has been proposed as an interesting theoretical route to connect various mass scales present within a particular formal framework in a technically natural manner [1] . Within a classically scale invariant theory, the quadratic sensitivity of one mass scale to another is always accompanied by a mutual coupling, which is not a free parameter, but the magnitude of which is set by the scale symmetry to be proportional to the ratio of the two mass scales. As a consequence, any particular mass scale is naturally protected from a quadratic destabilization due to any other scale within the same framework.
1 This is attributed to the fact that the hard logarithmic breaking of the classical scale invariance, by means of the dimension-4 operators at the quantum level, cannot affect the dimension-2 mass operators [3] . 2 As an attractive application, one may consider constructing a classically scale invariant version of the standard model (SM), by removing the mass term of the SM Higgs field µ 2 H -constituting the sole dimensionful parameter of the SM and responsible for the spontaneous breaking of the electroweak symmetry-from the classical potential. It is well-known that the quantum corrections lead to the radiative generation of such nonzero Higgs field mass term by means of the dimensional transmutation [4] ; nevertheless, the obtained (loop-induced) Higgs boson mass, identified as the pseudo-Nambu-Goldstone boson of the (approximate) scale symmetry, is parametrically too light to conform with the LEP-II limit (M h 114 GeV) [5] , signifying the failure of the Coleman-Weinberg mechanism within the pure SM.
As demonstrated in [6] , in light of the mentioned failure, it is possible to extend the SM content minimally by one complex gauge singlet scalar, 3 in order to accommodate the classical scale symmetry, a successful spontaneous breaking of the electroweak symmetry, as well as a Higgs boson mass M h = 125 GeV as discovered by the LHC [7] . The radiative generation of a nonzero singlet vacuum expectation value (VEV) is transmitted to the Higgs sector by means of the "Higgs portal" operators within the potential, inducing a nonzero VEV for the SM Higgs boson, and resulting in a successful spontaneous electroweak symmetry breaking. In the scalar mass basis, the mass of the (mostly SM-like) physical Higgs boson is generated in the classical potential by the dynamically-induced VEVs, whereas the other (mostly singlet-like) CP -even scalar obtains a radiative mass at the quantum level. The latter, thus, assumes the role of the pseudo-Nambu-Goldstone boson of the (approximate) scale symmetry within the scenario. Furthermore, demanding the extended scalar potential to be CP -invariant renders the CP -odd pseudoscalar boson stable, and a suitable WIMP dark matter candidate. The framework additionally accommodates the generation of nonzero masses for the SM neutrinos, utilizing the see-saw mechanism [11] , by introducing three flavors of the right-handed Majorana neutrinos. The latter's masses are, subsequently, generated via their CP -and scale invariant Yukawa interactions with the complex singlet.
The LEP [5] and LHC [12] collider searches for the singlet-like CP -even boson, as well as the results from the LUX direct detection experiment [13] and the (updated) Planck thermal relic abundance [14] applied to the pseudoscalar WIMP, have been extensively explored in [15] , identifying the viable region of the model's parameter space. The possibility of inducing a strongly first-order electroweak phase transition within the scenario, relevant to the baryogenesis paradigm, has been investigated in [16] . In the current treatment, we consider the expected impact on the parameter space by the discovery prospects of the future LHC and the XENON1T direct detection experiments. Specifically, we use the ATLAS projections for discovering a heavy SM-like Higgs within the mass range 200-1000 GeV [17] , with an integrated luminosity of 300 and 3000 fb −1 at √ s = 14 TeV, 4 and the XENON1T expected reach for discovering a WIMP dark matter [19] to determine the expected bounds on the parameter space in the event of no signal discovery. In addition, we extend the previous analysis of the vacuum stability and triviality bounds of the scenario performed in [6] , by consistently increasing the cutoff from 100 TeV to the Planck scale, and determine the viable region of the parameter space.
5
The treatment is organized as follows: Sec. II is devoted to reviewing the basic formal ingredients of the minimal classically scale invariant extension of the SM and to define the notation, closely following [6] . In Sec. III, we explore the ATLAS and XENON1T discovery prospects and their impact on the parameter space of the framework if no heavy Higgs or WIMP dark matter is discovered by these experiments. The results are exhibited in various exclusion plots, covering the relevant parameter space, and incorporating the previously studied theoretical and experimental bounds for comparison. We proceed, in Sec. IV, to investigate the regions of the parameter space allowing for the vacuum stability and triviality conditions to be satisfied up the to the Planck scale, discussing the findings according to various exclusion plots. Finally, we conclude by providing a summary of the presented work in Sec. V.
II. REVIEW OF THE MINIMAL MODEL
We start by reviewing the formalism of the minimal classically scale invariant extension of the SM [6] . In this setup, the mass term of the SM Higgs field, µ 2 H , responsible for the spontaneous breaking of the electroweak symmetry, is absent within the classical potential, as required by the scale symmetry. The SM scalar sector is, subsequently, minimally extended by one complex gauge singlet scalar, with the potential containing solely the dimension-4 marginallyrelevant operators without any explicit mass scale, and additionally respecting the CP -symmetry. In addition, three flavors of the right-handed Majorana neutrinos (with Yukawa couplings to the complex singlet) are included to account for the nonzero masses of the SM neutrinos, by means of the see-saw mechanism [11] .
A. Tree-level Scale-and CP -symmetric Scalar Potential
The most general complex singlet-extended scalar potential, invariant under the scale-and the CP -symmetry, is of the form
1) where, H and S denote the SM Higgs field and the complex scalar, respectively,
In (2.2), the π 0,± represent the electroweak Nambu-Goldstone bosons eaten by the Z, W ± vector bosons, and the CP -odd pseudoscalar component, χ, is the WIMP dark matter candidate [15] . The CP -even scalars, φ and η, obtain their nonzero VEVs, v φ (= 246 GeV) and v η , dynamically via the Coleman-Weinberg mechanism [4] . 6 In addition to the H and S fields' quartic self-interactions, parametrized by the couplings λ 1 , λ 2 , λ 5 and λ 6 , the scalar potential (2.1) offers two "Higgs portal" terms, parametrized by λ 3 and λ 4 , representing the mutual interaction between the H and S fields. In particular, one observes that once the CP -even component of the S field acquires a dynamically-generated nonzero VEV, v η , a nonzero mass term for the SM Higgs field, H, is dynamically induced and identified as
where, we have defined λ + m ≡ λ 3 + λ 4 for later convenience (c.f. (2.5)). As we shall demonstrate momentarily, the mixing coupling λ + m < 0, giving rise to a successful spontaneous electroweak symmetry breaking. The potential (2.1) is bounded from below for the following relations between the scalar couplings [15] 4) with the quartic interactions of the components defined in terms of the original couplings in the potential according to
In terms of these definitions, the quartic interactions between the scalar components can then be conveniently expressed as
As the nonzero scalar VEVs are induced dynamically at the quantum level, one needs, in principle, to calculate and minimize the full one-loop potential, in order to determine the physical vacuum. This is, however, a formidable endeavor, which might not be possible to perform analytically. Fortunately, the minimization of the potential may be achieved perturbatively, according to the procedure developed by Gildener and Weinberg [20] . To this end, one initially minimizes the tree-level potential (2.1) with respect to its constituent fields H and S,
Since in the full quantum theory the couplings run as a function of the renormalization scale, the tree-level perturbative minimization (2.7) occurs at a definite energy scale, Λ. This tree-level minimization defines, subsequently, a flat direction between the fields where the CP -even scalars' field values are related to the quartic couplings according to
(2.8)
Thus, one needs to consider the quantum corrections only along this flat direction, where the tree-level potential is minimized and the one-loop contributions to the potential are dominant. Once the one-loop potential is taken into account along this flat direction, the tree-level flatness is lifted and the true vacuum of the system is determined.
The Higgs portal parameter, λ + m , gives rise to a mixing between the CP -even scalars, φ and η, with dynamicallyinduced nonzero VEVs. These scalars may be orthogonally rotated, with a mixing angle ω, into the physical mass basis, according to [6] 
along the flat direction of the potential, where the conditions (2.8) hold. The h and σ fields are then the physical CP -even scalars of the model. The dynamically-induced nonzero VEVs generate the following tree-level mass terms for the bosons along the flat direction
where v η is eliminated in favor of the mixing angle, ω, using (2.9). Identifying the h boson with the scalar discovered at the LHC [7] , one has M h = 125 GeV, while the electroweak Nambu-Goldstone bosons, π 0,± remain massless to all orders in perturbation theory. The σ scalar, serving as the pseudo-Nambu-Goldstone boson of the (approximate) scale symmetry, is on the other hand only massless at tree-level, and obtains a radiative mass due to the one-loop potential, as discussed in the following subsection.
Interestingly, within the current classically scale invariant framework, one may also incorporate the see-saw mechanism [11] to account for the experimentally observed nonzero masses of the SM neutrinos. To this end, three massive flavors of the gauge-singlet right-handed Majorana neutrinos, N i , are introduced, which obtain their masses via Yukawa couplings with the complex singlet 11) with N i = N c i the 4-component right-handed Majorana neutrino spinors, L i the left-handed lepton doublet, and H ≡ iσ 2 H * . The Yukawa couplings are assumed to be flavor-universal for simplicity, and the pure gauge-singlet sector is postulated to be CP -symmetric; hence, the flavor-universal right-handed neutrino Yukawa coupling, y N , is real. 8 The complex Dirac neutrino Yukawa matrix, Y ν ij , may be ignored for the rest of the discussion, due to its extremely small entities (of the order of the electron Yukawa coupling) [6] . The flavor-universal Yukawa coupling, subsequently, gives rise to a degenerate mass term for the right-handed Majorana neutrino flavors
In summary, the current framework introduces five new free parameters [6] , which, without loss of generality, may be expressed as 13) and the remaining parameters are given in terms of this set according to
(2.14)
As noted in [15] , one observes from the above relations that the sign of the mixing angle, ω, is immaterial; whence, one may consider 0 ≤ sin ω ≤ 1, without loss of generality. In contrast, the sign of the λ − m parameter remains formally and phenomenologically relevant.
Finally one deduces, from (2.8), that λ + m < 0 along the flat direction, allowing for a successful spontaneous breaking of the electroweak symmetry breaking, as anticipated by (2.3). Moreover, the dynamically-generated mass term for the Higgs field (2.3) can be expressed in terms of the free parameters of the theory using (2.14), which yields 15) with M h = 125 GeV. Hence, the spontaneous electroweak symmetry breaking is realized for sin ω < 1, corresponding to a nonzero singlet VEV, v η = 0; in particular, a very large singlet VEV (sin ω ∼ 0, c.f. (2.9)), produces a SM-like mass term for the Higgs doublet field. This is a direct consequence of the restriction imposed by the scale symmetry upon the mixing parameter λ 16) implying that the coupling between the electroweak and the singlet scales is proportional to the ratio of the two, also manifesting in the definition of the mixing angle (2.9).
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B. One-loop Effective Scalar Potential
At this point, let us examine the one-loop effective potential along the flat direction. Following [20] , one may express this potential as
with A and B dimensionless constants, parametrizing the contributions of all massive states within the loop, and ϕ the radial combination of the CP -even scalars
Note that the one-loop potential is defined at a definite energy scale, Λ, as anticipated. 10 The scale Λ is found by minimizing the potential (2.17) with respect to its constituent field ϕ, resulting in
Inserting the expression for Λ back into (2.17) yields, subsequently, the simple expression for the one-loop effective potential
This potential induces a radiative mass for the σ boson, which is computed according to
To find the one-loop effective potential of the SM φ field, one may project (2.20) along its φ direction using (2.18) and (2.9), 22) and the minimization scale, Λ, takes the form [6] 
The coefficients α and β are related to the original variables A and B [6] , and are defined in the MS-scheme by
In this expression, the contribution of all the relevant massive particles in the loop, including the heavy SM states, is taken into account, with the numerical coefficients representing the internal degree of freedom associated with each particle species. The radiative mass of the σ boson is then given by [6] 
As a consequence, in our analysis, one may trade either of the first three input parameters in (2.13) by the mass of the σ boson, as an alternative free parameter of the model. One notes that the one-loop effective potential (2.22) is bounded from below for β > 0, which, at the same time, guarantees that the σ boson does not become tachyonic (c.f. (2.26)). This requirement results in the nontrivial relation between the masses
It is evident that this relation cannot be satisfied within the SM alone, indicating the failure of the Coleman-Weinberg mechanism within the pure SM.
III. DISCOVERY PROSPECTS FROM THE LHC AND THE XENON1T EXPERIMENTS
Having reviewed the formal anatomy of the model in Sec. II, we proceed to study the strongest projected exclusion limits on the parameter space from the ATLAS at √ s = 14 TeV in the vector boson channels with an integrated luminosity of 300 and 3000 fb −1 [17] , as well as the XENON1T dark matter direct detection experiment [19] . As discussed, the model contains two Higgs-like scalars, both of which are capable of interacting with the SM content; namely, the h and σ bosons, where the h scalar has been identified with the discovered boson at the LHC [7] , M h = 125 GeV. The LHC prospects for discovering a heavy Higgs-like boson may then be applied to the σ scalar, in order to study the projected constraints on its properties.
11 Furthermore, the pseudoscalar χ of the scenario is a stable WIMP dark matter candidate, due to the CP -symmetry of the potential, and the discovery prospects from the XENON1T direct detection experiment may be additionally utilized to analyze the parameter space.
To investigate the properties of the σ boson using the available 95% C.L. LEP [5] and the √ s = 7, 8 TeV LHC [12] data, an effective Lagrangian was constructed in [15] , parametrizing the deviations of the σ boson couplings to the (kinematically) available decay pairs from their corresponding SM values
where (φ representing the SM Higgs boson), the coupling coefficients assume the following values within the current framework
11 In principle, the σ boson may be heavier or lighter than the h scalar. In light of the considered ATLAS heavy Higgs projections, in this treatment, we focus specifically on the case where the σ boson is heavier than the h scalar. 12 As discussed in [15] , a decay of the σ boson into a pair of the χ pseudoscalars is kinematically forbidden for mσ ≤ 1 TeV. (3000 fb −1 ) the horizontally (vertically) striped green region is expected to be additionally excluded by the ATLAS projections at 95% C.L. [17] . Right: The spin-independent WIMP-nucleon scattering cross section as a function of the WIMP mass for the range 100 Mχ ≤ 5000 GeV. The solid brown region is excluded by the LUX direct detection experiment at 90% C.L. [13] . In case of no dark matter signal discovery by the XENON1T experiment, the inclined striped brown region is expected to be additionally excluded at 90% C.L. [19] . (The same displayed color-coding in both panels will be used throughout this treatment)
The same effective Lagrangian (3.1) is suitable for analyzing the ATLAS heavy SM-like Higgs projections in the vector boson channels [17], applied to the σ boson. In analogy with the heavy Higgs data analysis at √ s = 7, 8 TeV, for the current study, we construct the "µ" parameter. The latter, using the narrow-width approximation, 13 is defined as the product of the σ boson production cross section and its vector boson decay branching ratios, divided by those of a purely SM-like scalar with the same mass
where, ii denotes the vector boson fusion, vector-Higgs associated production, and the gluon-fusion channels. In the final quantity on the right-hand side of (3.3), the total decay width of the σ scalar is computed according to [15] quote separately the σ scalar production cross section times vector boson decay branching ratios, and those for the SM-like φ Higgs with the same mass (the most stringent projected bounds are due to the ZZ decay channel). Hence, we compute the µ parameter for the ATLAS projections simply by dividing these two separately quoted quantities (c.f. the definition in (3.3) ).
The left panel of Fig. 1 Next, we consider the expected reach of the XENON1T direct detection experiment [19] for the spin-independent scattering cross section of the dark matter particles off the nucleons. An analysis of the direct detection exclusion limits of the LUX experimental data at 90% C.L. [13] , applied to the χ pseudoscalar, was previously performed in [15] . As explained in [15] , the heavy χ WIMP of the scenario interacts with the nucleons via the t-channel exchange of the h and σ bosons, and the spin-independent interaction cross section was calculated as
with g W the weak coupling, m N = 0.939 GeV the average nucleon mass, and f N 0.345 [21] [22] [23] the nucleon form factor.
14 The coefficients iλ χχh and iλ χχσ represent, respectively, the couplings of the h and σ scalars to the dark matter pair and were provided in [15] . A destructive interference between the two scalar t-channel interactions may occur in (3.5) for suitable values of the parameters, alleviating the direct detection bounds.
The right panel of Fig. 1 depicts, for 100 M χ ≤ 5000 GeV, the spin-independent WIMP-nucleon scattering cross section as a function of the WIMP mass, incorporating the experimental upper bound from the available LUX data at 90% C.L. [13] , as well as the expected complementary limits from the XENON1T experiment at 90% C.L. [19] , in case of a null dark matter direct detection result. 15 We shall extend the experimental limits on the parameter space previously obtained using the LUX direct detection data, by making a comparison between the model's derived spin-independent scattering cross section (3.5) and the expected discovery reach of the XENON1T direct detection experiment, and analyze the consequences for the free parameter space.
At this stage, let us summarize the discussed collider and dark matter projection constraints within the exclusion plots for various benchmark values of the free parameters (2.13). Moreover, we incorporate in the same plots the limits arising from considering perturbative unitarity, electroweak precision tests, and the LHC direct measurements of the 125 GeV Higgs properties, previously studied in [6] , as well as the LHC √ s = 7, 8 TeV heavy Higgs searches [12], the LUX direct detection exclusion limits [13] , and the (updated) WIMP thermal relic abundance determined by the Planck collaboration [14] , previously analyzed in [15] . Since none of the studied constraints depends on the dark matter quartic self-coupling, λ χ , the latter may be ignored as an input for the rest of this discussion, and one may focus on the remaining four free parameters, ω, M χ , M N , and λ [6, 15] , which is reflected in the displayed domain of the horizontal axis. 16 It is evident that the effect of the right-handed Majorana neutrino mass, M N , is most prominently pronounced in the perturbative unitarity bound, with a heavier mass excluding a larger region of the parameter space. In contrast, the magnitude as well as the sign of the λ − m quartic coupling largely affect the direct detection limits and projections, with a negative λ − m -corresponding to an attractive interaction between pairs of φ and pairs of χ (c.f. (2.6))-resulting in a more stringent constraint. Taking into account the discussed ATLAS and XENON1T projections, in case no heavy Higgs-like scalar or pseudoscalar WIMP is discovered, the parameter space becomes increasingly more constrained, predominantly due to the expected XENON1T direct detection reach. The latter constrains the mixing angle to sin ω 0.04, with a mild dependence on the mass of the σ boson within the considered range and the values of the remaining input parameters.
Moreover, the exclusion plots demonstrate that a lack of dark matter signal discovery by the XENON1T experiment further constrains the thermal relic abundance of a χ pseudoscalar, with a mass in the TeV ballpark, as the dominant component of the dark matter in the Universe. This fact is most clearly exhibited in Fig. 3 , where the mass of the pseudoscalar WIMP, M χ , is plotted as a function of the mixing angle, sin ω. The upper limit of the vertical axis, M χ ≤ 5 TeV, is based on the reported range of the results by the LUX direct detection experiment, whereas the lower limit is determined by the condition (2.27) for a given right-handed Majorana neutrino mass, M N . The horizontal axis domain is the same as in Fig. 2 , determined by the properties of the 125 GeV Higgs boson directly measured by the LHC. Considering similar benchmark values of the remaining two input parameters, M N and λ − m , as in Fig. 2 , the aforementioned theoretical and experimental bounds and projections are incorporated within the plots. The discussed observations and conclusions pertaining to the exclusion plots in Fig. 2 remain also true in the parameter space depicted in Fig. 3 ; upon a null discovery result, the ATLAS and XENON1T expected projections provide complementary constraints to the existing exclusion bounds, confining the amount of mixing between the two CP -even scalars to much smaller values, while a larger positive λ − m further constrains lighter WIMP masses for small values of the mixing angle. In particular, one observes, within the large regions of the parameter space, that the XENON1T expected reach is able to probe the viability of the thermal relic abundance of a TeV-mass χ pseudoscalar WIMP forming an O(1) fraction of the dark matter in the Universe. We also note that the narrow opening window within the LUX direct detection constraints, as well as within the XENON1T projected limits, is attributed to the destructive interference between the t-channel scalar exchanges, as explained below (3.5) .
A direct interplay between the mass of the σ scalar and the χ pseudoscalar is presented in Fig. 4 , for the discussed ranges of the axes, and similar choices of the remaining two free parameters, M N and λ − m , as in the previous exclusion plots. Superimposing the theoretical and the experimental bounds and projections within the m σ − M χ plane demonstrates, once more, that the expected ATLAS and XENON1T discovery prospect are able to adequately constrain large regions of the parameter space of the model, if no heavy Higgs-like scalar or dark matter signal is detected by these experiments. Specifically, the viable region of the depicted parameter space is "cornered" toward heavier χ pseudoscalar dark matter and lighter σ scalar masses by the XENON1T projected limits, which, as in the previous figures, challenge the thermal relic abundance curve of a TeV-mass χ pseudoscalar constituting the dominant dark matter component.
IV. STABILITY OF THE POTENTIAL AND THE TRIVIALITY CONDITION
In this section, we devote attention to analyzing the stability of the scalar potential (2.1) and the triviality requirement. These conditions were previously studied in [6] with a cutoff at 100 TeV; here, we extend the analysis consistently up to the Planck scale. Specifically, we demand that the conditions (2.4) hold for the running couplings as a function of the renormalization scale, µ (not to be confused with (3.3) ). This guarantees, to the leading order, the vacuum stability of the renormalization group (RG)-improved scalar potential until the Planck energy is reached. Furthermore, we demand that none of the running couplings encounters a Landau pole within the considered energy regime; the latter requirement is specifically materialized by selecting 4π as the upper bound for the magnitude of the running couplings.
The SM gauge, the top Yukawa, and the low energy Higgs quartic couplings are fixed at their MS-scheme determined values [25] at the top mass, µ = m t ,
We normalize the hypercharge coupling according to g = 3/5 g 1 , where g 1 denotes the corresponding coupling with the GUT normalization. Moreover, we employ a different normalization for λ φ in (2.1) with respect to the conventional normalization in the literature by a factor of 6, as reflected in (4.1).
As discussed in Sec. II, the flat direction of the potential is defined at the energy scale Λ, given by (2.23), which is a function of the dark matter mass, M χ , and the mass of the right-handed Majorana neutrinos, M N . For the current analysis, we fix the values of the six high energy scalar quartic couplings at the minimization energy scale, Λ, according to the expressions (2.14). The latter determine four of these couplings in terms of the free parameters of the theory (2.13), noting that the λ − m and λ χ couplings are free parameters on their own at this energy scale. The right-handed neutrinos' Yukawa coupling, y N , is fixed according to the corresponding expression in (2.14) at the energy scale µ = M N .
The running behavior of the couplings as a function of the renormalization scale, µ, is determined by solving the RG equation, dC/d log µ = β C , where C denotes any of the running couplings, and β C its corresponding β-function. The one-loop β-functions for all of the model's couplings have been computed in [6] , and summarized in the Appendix for convenience. As evident from (A.1) and (A.2), the RG equations for each of the gauge and the Yukawa couplings can be solved independently, whereas those for the scalar quartic couplings (A.3) form a coupled system and must be solved simultaneously. Imposing the vacuum stability conditions (2.4) for the running couplings up to the Planck scale, as well as demanding no Landau poles to be present, results in additional bounds upon the free parameter space of the model.
The as such determined vacuum stability and triviality constraints are presented in Fig. 5 , where, the dark matter mass is plotted vs the mixing angle. These sin ω − M χ panels incorporate, in addition, the previously discussed theoretical and experimental bounds arising from the perturbative unitarity, the electroweak precision tests, the LHC heavy Higgs searches, the LUX dark matter direct detection results, as well as the WIMP thermal relic abundance reported by the Planck collaboration.
17 The value of the λ − m coupling is universally set at +0.5 in all panels; while, several benchmarks of the remaining two free parameters, λ χ and M N , are considered.
As evident from Fig. 5 , the stability and triviality bounds separate three distinct regions within each panel. First, at the smaller values of the mixing angle, an upper bound on the dark matter mass is imposed by the vacuum stability condition. This is attributed to the fact that, for a given M N , a larger M χ results in a larger value of the minimization The thick black-gray vertically striped region at the bottom of the plots is mathematically forbidden by the | sin ω| ≤ 1 requirement, whereas the solid gray region above it is excluded due to sin ω 0.44 at 95% C.L. by the LHC measurements of the 125 GeV Higgs properties. All other striped regions correspond to the projected future bounds by the LHC and the XENON1T experiments. (See the caption of Fig. 2 for further details) scale Λ, where the initial conditions for the high energy scalar couplings were defined. As a consequence, the positive bosonic contribution from λ − m to the running of the Higgs quartic coupling λ φ (c.f. (A.3) ) is "postponed" to a larger energy scale, which will then be inadequate to compensate for the negative fermionic top Yukawa contribution. Hence, the λ φ coupling turns negative before reaching the Planck scale.
18 Furthermore, one notes that, although a positive initial value of λ − m provides a positive contribution to the λ φ running, the λ + m coupling always starts negative (c.f. (2.8) and (2.16)), contributing to the destabilization of the effective potential. Therefore, the competing effects between these two couplings (and their entangled runnings) within the λ φ β-function results in the nontrivial shape of the upper bound "plateau" at small mixing angle values. This constraint is only mildly dependent on the righthanded neutrino mass, M N , which enters into the analysis primarily via the positive y N Yukawa contributions to the running of the λ + m coupling. Since the latter starts negative, invoking in a destabilizing effect on the potential, 18 The Higgs quartic coupling within the ordinary SM is known to turn negative at µ ∼ 10 10 GeV for the experimentally measured central values of the Higgs boson and the top quark mass [26] .
a larger M N mildly aggravates the bound. In addition, one can deduce from (2.23) that a heavier right-handed Majorana neutrino leads to a larger minimization scale Λ for a given dark matter mass, which also leads to a slightly more stringent bound. In contrast, a larger value of the λ χ coupling enhances the running of λ − m and its subsequent positive contribution to the λ φ running. This in turn allows for larger dark matter masses before the vacuum stability condition is violated; hence, mitigating this constraint.
The second region is defined by the upper M χ bound for (slightly) larger values of the mixing angle, and is characterized by the sharply declining curve as a function of sin ω. This constraint arises due to the triviality condition, as λ χ develops a Landau pole below the Planck scale, in the region above and to the right of the curve. Larger values of M χ and sin ω necessitate a larger λ ηχ by (2.14), leading to a swift running of the λ χ coupling, and hastening the development of a Landau pole. This triviality bound is also mildly sensitive to M N , which affects the running of λ ηχ via the positive y N Yukawa contributions. Therefore, a larger M N , once more, mildly aggravates the bound. A greater value of λ χ , on the other hand, results in a more pronounced constraining effect, given its direct influence on its own running.
As the third region, one identifies a lower bound on the dark matter mass, slightly more stringent than its theoretical lower limit, which is mildly dependent on the mixing angle values. This constraint also arises due to the vacuum stability condition. Specifically, a dark matter mass near its formal lower limit (2.27) corresponds to an almost vanishing β coefficient (2.25) within the one-loop effective potential. This, in turn, causes the minimization scale, Λ, to diverge (c.f. (2.23) ), leading to a destabilization of the effective potential in analogy with the dark matter mass upper bound within the first region, as elaborated above. Hence, a very heavy dark matter as well as a dark matter mass near the formal lower limit result in a too large minimization scale, Λ, subsequently destabilizing the potential. The sensitivity of this dark matter mass lower bound to the M N and λ χ parameters is also completely analogous to the upper bound's case within the first region, and exhibits a similar behavior.
Finally, we comment on the sign and the magnitude of the free parameter λ − m , in light of the vacuum stability and triviality study, which has been fixed at +0.5 in this treatment. Our performed analysis implies that λ It is evident from the panels in Fig. 5 that demanding the vacuum stability of the effective potential up to a Planck scale cutoff confines the dark matter mass to the TeV ballpark, whereas the condition of the absence of any Landau poles up to that same cutoff favors a small mixing between the SM Higgs boson and the singlet scalar, sin ω 0.06. These constraints are complementary to the previously derived theoretical and experimental bounds, further narrowing the viable region of the parameter space and increasing the predictive power of the model. In particular, in light of these results, the thermal relic abundance of the χ pseudoscalar as the main component of the WIMP dark matter in the Universe strongly favors sub-TeV right-handed Majorana neutrino (degenerate) masses, since heavier right-handed neutrinos start to impose substantial tension on this assumption.
V. CONCLUSION
The current treatment has been devoted to studying the impacts of the future experimental constraints, expected at the LHC and the XENON1T dark matter detector, as well as the formal bounds arising from the vacuum stability and triviality considerations up to the Planck scale, on the input parameters of the minimal classically scale invariant and CP -symmetric extension of the SM. In addition to the SM content, the scenario includes one complex gauge singlet scalar and three (mass-degenerate) flavors of the right-handed Majorana neutrinos; the latter facilitate the see-saw mechanism and induce masses for the SM neutrinos. The gauge singlet pseudoscalar component, protected by the CP -symmetry of the potential, forms a viable WIMP dark matter candidate, while the gauge singlet scalar component, mixed with the SM Higgs boson, is identified in the mass basis as the pseudo-Nambu-Goldstone boson of the (approximate) scale symmetry. All the mass scales are dynamically induced via the Coleman-Weinberg mechanism at the quantum level, and the formalism introduces five new input parameters.
We applied the ATLAS prospects for discovering a heavy SM-like Higgs scalar, at √ s = 14 TeV with an integrated luminosity of 300 and 3000 fb −1 within the mass range 200-1000 GeV, to the pseudo-Nambu-Goldstone boson of the scenario and demonstrated that the expected projections will considerably constrain the free parameter space of the model, if no such heavy Higgs is discovered. In addition, a lack of dark matter signal discovery at the forthcoming XENON1T direct detection experiment implies further complementary constraints on the model's parameters. Demonstrating our results in extensive exclusion plots covering various benchmarks of the input parameters, we conclude that these future experiments are capable of probing vast regions of the model's parameter space; specifically, the combined discovery prospects for the collider and dark matter direct detection experiments confine a mixing between the SM Higgs boson and the singlet scalar to sin ω 0.04 in most cases, while exploring the possibility of the TeV scale χ pseudoscalar and its thermal relic abundance constituting the dominant dark matter component in the Universe. To facilitate the comparison of the additional impact of the projected data on the parameter space with the existing bounds, various previously analyzed formal and experimental limits [6, 15] have also been superimposed within all exclusion plots.
At this point, let us briefly comment on the possibility of having the TeV scale χ pseudoscalar as the O(1) component of the dark matter, even facing a potential null result by the XENON1T experiment. Fig. 6 displays the sin ω − M χ exclusion plots for two benchmark values of M N and a larger λ − m = 1. It is evident from these plots that the constraints arising from a potential lack of discovery by the XENON1T experiment on the pseudoscalar dark matter relic density can be evaded for a sufficiently large and positive value of the λ − m coupling, which pushes the relic abundance curve into the viable region of the parameter space. This, however, occurs at the expense of the cutoff not reaching the Planck scale, as discussed below.
Furthermore, we studied the vacuum stability and triviality conditions of the scenario and determined the viable region of the parameter space accommodating these conditions up to the Planck scale, extending the previous analysis with a cutoff at 100 TeV [6] . We summarize, in various exclusion plots, the sensitivity of this viable region to the input parameters, combining the vacuum stability and triviality bounds with the prior theoretical and experimental constraints. We conclude that the mixing angle is, once more, restricted to small values sin ω 0.06 by the triviality condition; whereas the dark matter mass is confined to several TeV by requiring the vacuum stability of the potential. In particular, accommodating the vacuum stability and triviality conditions up to the Planck scale requires λ − m ∼ +0.5, given the sensitivity of the running of the other couplings to this parameter. For λ − m lying near this particular value, a compromise between the stability and triviality of the couplings occurs, allowing for a (narrow) window of viability within the parameter space, where the cutoff may be extended to the Planck scale. This is in sharp contrast with the 100 TeV cutoff results, which could be accommodated by a variety of coupling values. Furthermore, increasing the cutoff to the Planck scals significantly reduces the allowed range of the mixing angle, in addition to confining the dark matter mass to the TeV ballpark. A TeV-scale right-handed Majorana neutrino mass, once more, inflicts substantial tension on the thermal relic abundance of the χ pseudoscalar.
As a final comment, we note that a small mixing angle, within the context of a classically scale invariant framework, immediately implies a large dynamically-generated singlet VEV, via the derived relation tan ω = v φ /v η (c.f. (2.9)), which is a consequence of the scale symmetry. This, however, does not lead to a quadratic destabilization of the electroweak scale, since the magnitude of the mixing coupling becomes proportionally small (c.f. (2.16) ). The dynamically-induced mass term for the Higgs doublet field (2.15), giving rise to a successful spontaneous breaking of the electroweak symmetry, is therefore rather SM-like. We shall explore the consequences of a large singlet VEV, within the context of the current framework, in a forthcoming publication [28] .
